A numerical study has been carried out to understand and highlight the effects of axial wall conduction in a conjugate heat transfer situation involving simultaneously developing laminar flow and heat transfer in a square microchannel with constant flux boundary condition imposed on bottom of the substrate wall. All the remaining walls of the substrate exposed to the surroundings are kept adiabatic. Simulations have been carried out for a wide range of substrate wall to fluid conductivity ratio (k sf $ 0.17-703), substrate thickness to channel depth (d sf $ 1-24), and flow rate (Re $ 100-1000). These parametric variations cover the typical range of applications encountered in microfluids/microscale heat transfer domains. The results show that the conductivity ratio, k sf is the key factor in affecting the extent of axial conduction on the heat transport characteristics at the fluid-solid interface. Higher k sf leads to severe axial back conduction, thus decreasing the average Nusselt number (Nu). Very low k sf leads to a situation which is qualitatively similar to the case of zero-thickness substrate with constant heat flux applied to only one side, all the three remaining sides being kept adiabatic; this again leads to lower the average Nusselt number (Nu). Between these two asymptotic limits of k sf , it is shown that, all other parameters remaining the same (d sf and Re), there exists an optimum value of k sf which maximizes the average Nusselt number (Nu). Such a phenomenon also exists for the case of circular microtubes.
Introduction
The last decade has witnessed rapid progress in the development of microchannel based thermofluidic systems. Enhanced species transport in such microgeometries is the prime motivation for their development. Applications of microgeometries, having characteristic dimensions ranging from a few micrometers to about 1000 lm, include electronics thermal management units, compact microheat exchangers, microscale chemical reactors, labon-chip devices, etc., to name a few [1] [2] [3] . On many instances, metals and alloys, silicon, or soft materials, e.g. Polydimethylsiloxane (PDMS), are used for fabrication of such devices, wherein circular or noncircular channels are fabricated in the form of an array [4] [5] [6] [7] [8] . It is also observed that the overall dimensions of the cross section of the substrate or the microchannel array (for example, the wall thickness, the interchannel pitch, the substrate thickness, etc.) frequently scales with the hydraulic diameter of the channel or duct used for fluid flow and heat transfer. Axial heat conduction along the solid walls of heat exchangers involving mini/microchannels are quiet often overlooked during the design/ analysis stage and interpretation of experimental data to estimate the heat transfer coefficient. This frequently leads to erroneous conclusions and inconsistencies in interpretation of data. In reality, quite commonly, the apparently pure convective problem manifests itself in terms of conduction heat transfer in the substrate wall coupled with the convective heat transfer to or from the working fluid under consideration. The temperature and/or heat flux distribution at the conjugate wall(s) of the channel(s) depends on (a) thermal properties of the solid substrate and the fluid involved, (b) flow characteristics of fluid, and (c) dimensions of the solid and fluid domain, respectively. In real-time situations, it becomes imperative to apply the boundary condition(s) at a certain finite distance from the fluid-solid interface. The resulting conjugate nature of heat transfer leads to the distortion of the actual boundary condition at the fluid-solid interface. The order of magnitude of this distortion is naturally more in regions where large temperature gradients exist, for example, in the thermal entrance region of a heated duct.
In the context of laminar duct flow in microchannels, conjugate heat transfer leads to a strong multidimensional coupling. The small dimensions of microchannels in the transverse direction are often comparable to the substrate thickness. As the hydraulic diameter of microchannels decreases, this coupling between the substrate and bulk fluid temperatures becomes significant. It is important to explicitly identify the thermofluidic parameters of interest which lead to a distortion in the boundary conditions and thus the true estimation of species transfer coefficients. To quantify the effect of axial conduction in the substrate on internal single-phase convective flows, the concept of "conduction parameter," a quantity that gives relative importance of conduction heat transfer compared to the energy flow carried by the fluid, exists in the literature from some time. It is defined as the ratio of axial heat transfer within the solid duct or tube due to axial temperature gradient in it to the energy flow carried by the fluid in the channel in the axial direction. This parameter was used by Bahnke and Howard [9] for analysis of recuperators, and in later years, by Peterson [10, 11] for conduction effects in microscale counter-flow heat exchangers. It is defined as
where the average mass flow rate is _ m ¼ q f Á A f Á u. The physical interpretation of the effects due to axial conduction in the substrate can be studied by considering the three natural nondimensional parameters of this problem, i.e., (i) Number of transfer units of the system, NTU, (ii) Biot number, defined on the basis of the thickness of the substrate, and (iii) the wall size ratio, defined as
By considering these three nondimensional parameters, Maranzana et al. [12] reintroduced the same concept of k and named it as "axial conduction number (M)," defined as the ratio of the conductive heat flux to the convective counterpart
Here, _ q 0 condk gives the first order estimation of the axial heat flux in the wall, assuming the transfer is one-dimensional along the length of the channel, through the same temperature difference which the fluid experiences between channel inlet and outlet. As will be appreciated, this number M is usually very low in macrochannels due to the low ratio of solid to fluid domain thickness (d sf ), higher flow velocity, and longer channel length. This implies that conductive heat transfer in solid walls of conventional macrosized ducts is nearly one-dimensional and perpendicular to the fluid flow. This is usually not the case when the size of the channels decreases to micro or smaller ranges. Maranzana et al. [12] carried out analytical study as well as numerical simulation to understand axial heat conduction phenomena in a mini/micro counter-flow heat exchanger. Based on their analysis, they stated that the effect of axial conduction in the substrate on the heat transfer coefficient can be neglected if M < 10 À 2 . Both the conduction parameter (k) and the axial conduction number (M) are based on the assumption that the axial temperature difference between the inlet and outlet location in the solid substrate (DT s ) as well as in fluid (DT f ) domain is same; this assumption is rather unrealistic though. To address this shortcoming in the definition of parameter M (or k), as defined by Maranzana et al. [12] , Li et al. [13] , and later Zhang et al. [14] incorporated the effect of individual temperature differences between the inlet and outlet location in the solid substrate (DT s ) as well as in fluid (DT f ) domain. The conduction number, as revised by Li et al. [13] , is given by
where DT s and DT f are the difference in average temperature of the cross section at inlet and outlet of solid and fluid region, respectively. Based on the outcome of numerical investigations, Zhang et al. [14] stated that the criteria (M < 10 À 2 ) proposed by Maranzana et al. [12] is not always valid. 2 They highlighted that the criteria for judging the effect of axial heat conduction in the substrate wall may be situation or problem dependent. They highlighted that there was considerable effect of wall axial heat conduction in the circular tube considered by them in spite of the fact that the parameter M was less than 10 À 2 . It was also pointed out that the criteria proposed by Maranzana et al. [12] is not suitable for the analysis of thermally developing fluid flow and heat transfer in microchannels.
Conjugate problems have been studied long before the development of micro heat exchangers. Petukhov [15] proposed the following parameter to characterize the effect of axial conduction in a circular tube
where d is the wall thickness, r i is the inner radius, and k sf is the ratio of conductivity of solid (circular tube) to the conductivity of the fluid flowing inside it. Several other criteria to judge the influence of wall heat conduction on the duct/passage flow convection have also been proposed as indicated by Lelea [16] . In the context of a circular tube, Faghri and Sparrow [17] indicated that wall conduction parameter is a measure of the strength of axial conduction in its wall, and defined it as
The correlation by Cotton and Jackson [18] is of the form
and the correlation by Chiou [19] is given by
As indicated in Hessel et al. [20] , if the conduction parameter defined by Chiou [19] in Eq. (8) is less than 0.005, the axial heat transfer through conduction in the channel wall can be neglected. Recently, Cole and Cetin [21] reported analytical solution for conjugate heat transfer in a parallel-plate microchannel using Green's functions. They reported that axial conduction in the channel wall is important under the following conditions: (a) length over height ratio of the microchannel is very small, (b) Peclet number is very small, (c) wall thickness relative to the channel height is large, and (d) conductivity of wall material is high relative to conductivity of the fluid.
Although a number of numerical [4, 5, 8, 13, 14, [22] [23] [24] [25] and experimental [6, 8, 13, 22, 26, 27] studies have been performed on the effect of wall heat conduction on hydrodynamically and/or thermally developing flows in mini/microchannel and tubes, an explicit discerning parameter for judging the effect of axial conduction in the substrate on the local and average Nusselt number in the entry length is not available. Sufficient number of parametric studies is also not readily available; most reported studies deal with only circular microtubes. Rectangular microchannels are of particular interest as they are used extensively as heat sinks in microelectronic devices, as well as for catalytic reactors for micro fuel processors, biological sensors, etc. [28, 29] . Such rectangular mini/microchannels are often employed in high heat flux dissipating heat exchanger equipment. In most devices or systems, the location of application of the boundary condition is somewhat away from the actual fluid-solid boundary. Moreover, depending on the application, the material used for manufacturing the substrates may have a wide range of thermal conductivities. The aspect ratio of the channel and the overall substrate dimensions is also chosen as per the need in a given application. For the estimation of realistic heat transfer coefficients for such wide-ranging design parameters, especially under simultaneously developing flow regime wherein the heat transfer coefficients are high, and therefore of interest, the importance of a thorough parametric study to discern the magnitude of axial conduction affecting the heat transport coefficient, cannot be overemphasized. This is the 2 It is to be noted here that Zhang et al. [14] used the axial conduction number as revised by Li et al. [13] , i.e., Eq. (4).
aim of the present numerical study, which focuses on simultaneously developing laminar flow and heat transfer in a square duct with constant heat flux applied at the bottom of the substrate. The conductivity ratio (k sf ) has been varied from 0.17 to 703 (to cover a wide range of materials) while the bottom wall thickness to channel height ratio (d sf ) ranges from 1 to 24. The flow Reynolds number has been varied from 100 to 1000. All other parameters remaining the same, it has been observed that average Nusselt number Nu, for simultaneously developing laminar flow under conjugate conditions, exhibits maxima with respect to the thermal conductivity ratio (k sf ) due to the effect of axial conduction in the substrate. The location of this maximum Nusselt number is a weak function of flow Reynolds number and the ratio d sf .
Numerical Analysis
We model simultaneously developing (slug flow inlet ( u)) single-phase, steady-state laminar incompressible flow with constant thermophysical properties (for both solid and liquid) in a microchannel geometry as schematically shown in Fig. 1(a) . All the surfaces of the substrate exposed to the surrounding are assumed to be insulated, except the bottom surface where constant heat flux (q 0 ) boundary condition, simulating the heat generation, e.g., from an electronic chip, is specified. Only one half of the microchannel was included in the computational domain, in view of the symmetry conditions; this was also computationally efficient.
The dimensions of the substrate considered in the analysis are listed in Table 1 . The width (x f ), height (d f ), and length (L) of the channel in the computational model are kept constant at 0.4 mm, 0.4 mm, and 120 mm, respectively. Thus, the hydraulic diameter (D h ) of the channel is 0.4 mm. While the width of the substrate (2x s þ x f ) is kept constant, the thickness of the substrate (d s þ d f ) is varied to understand the effect of its bottom wall thickness (d s ) on the conjugate heat transfer behavior. This is because as the thickness of the substrate increases, the boundary on which constant heat flux is applied moves away from the actual solid-liquid interface.
The associated species conservation equations for the fluid and the solid domain, i.e., the continuity, Navier-Stokes and the energy equation, along with the associated boundary conditions, for the conjugate problem, are as follows:
For the liquid domain
For the solid domain
The applicable boundary conditions are
A constant heat flux (q 0 ) is applied to the bottom of the substrate as typically encountered in many practical applications
Peclet numbers considered in this work are large enough to assume that the axial conduction in the fluid domain will be negligible, as compared to that of the solid substrate [3] . Second, the work by Xu et al. [30] , Koo and Kleinstreuer [31] , and Morini [32] , clearly suggest that viscous dissipation in the liquid can also be neglected for the range of parameters considered in this study. Working fluid (pure water) enters the microchannels with a slug velocity profile ( u) at an inlet temperature of 300 K. Above set of equations and the associated conditions are solved using the commercially available software ANSYS-FLUENT V R [33] . The "standard scheme" was used for pressure discretization. The SIMPLE algorithm was used for velocity-pressure coupling in the multigrid solution procedure. The momentum and energy equations were solved using the second order upwind scheme. The entire domain was meshed using hexahedral elements and grid independence was ensured before the final grid size was chosen. For postprocessing of the data, the following nondimensional variables are used in this study:
where T i and T o are temperature of bulk fluid at location z ¼ 0 (inlet), and z ¼ L (outlet), respectively. q 0 z is the local heat flux at any axial location z * which is calculated by peripheral average of heat flux along the three conjugate walls (AB, BC, and CD in Fig. 1(b) ) at the X-Y plane at that location, q 0 is the ratio of the applied heat power at the bottom of the substrate and the net area of the conjugate walls, i.e., total area of the fluid-solid interface, given by
The Reynolds number is given by Re ¼ q Á u Á D h /l and the peripheral average local heat transfer coefficient is denoted by h z . The local values h z and T w j z are calculated by performing peripheral averaging along the three conjugate walls (AB, BC, and CD in Fig. 1 ) of the channel, at the particular location of interest. The local fluid temperature, T f j z is the channel cross-sectional area average bulk fluid temperature at any location z. Further, the average Nusselt number over the channel length is given by
2.1 Grid Independence Check. Grid independence tests were conducted for all the geometries tested. As an example, local Nusselt number obtained for a substrate with d sf ¼ 1 for three different grids of 45 Â 60 Â 300, 60 Â 80 Â 400, and 75 Â 100 Â 500, for Re ¼ 100, is shown in Fig. 2 . The local Nusselt number at the fully developed flow regime (at z* ¼ 0.42) changed by 1.06% from the grid size of 45 Â 60 Â 300 to 60 Â 80 Â 400 and changed by less than 1% upon further refinement to grid size of 75 Â 100 Â 500. Since no appreciable change is observed as we moved from first to the third grid, the intermediate grid size of (60 Â 80 Â 400) was chosen. All other cases were also individually tested for grid independence as described here and the most appropriate grid was chosen. Benchmark results from developing [34] [35] [36] as well as fully developed flow [37] with constant heat flux applied at the fluid-solid interface, were also verified before taking up the conjugate problem, as highlighted in Fig. 2 .
Results and Discussion
As noted earlier, while the width of the substrate is kept constant, the thickness of the substrate in the Y direction is varied to understand the effect of substrate thickness on the heat transfer behavior. As the thickness of the substrate increases, the boundary on which constant heat flux is applied moves away from the actual fluid-solid interface, i.e., for the present case, the three sides of the channel. There is a basic difference between a circular duct (which was studied by Zhang et al. [14] ) and a square duct in a substrate, as has been considered in the present study. In a circular duct, the fluid-solid interface always remains parallel to the outer duct surface on which constant heat flux is applied, whereas in the present case, while only one duct wall is parallel to the base of the substrate on which constant heat flux is applied, the remaining two conjugate walls are perpendicular to it. This makes the heat transfer in transverse direction a two-dimensional issue, unlike the case of circular tube/duct. Maximum heat transfer coefficient will occur if constant heat flux is experienced at the fluid-solid interface walls of the channel. As the actual location of constant heat flux is away from the fluid-solid interface, there will be a distortion of the boundary condition, and therefore the effective local heat transfer coefficient will change. The parameters which will discern the effect of axial conduction in the substrate, and therefore an alteration in the actual boundary condition, are the axial variation of average bulk fluid temperature, average local heat flux, and average wall temperature of the channel. Figures 3-5 , respectively, highlight the axial variation of dimensionless heat flux, dimensionless average wall and bulk fluid temperature, and local Nusselt number in the channel, under the parametric variation of thermal conductivity ratio (k sf ), thickness ratio (d sf ), Reynolds number (Re), as collated in Table 2 .
It is evident that the heat transfer process from the substrate to the fluid flowing in the channel is governed by the boundary condition experienced at the conjugate walls of the channel. Therefore, to find the actual value of heat flux experienced at the fluid-solid interface of the square channel, the axial variation of dimensionless local heat flux / (averaged over the duct periphery) at the fluid-solid interface is presented in Fig. 3 , for selected range of parameters from Table 2 . It is clearly evident that the actual heat flux experienced at the fluid-solid interface is approximately axially uniform/constant at low conductivity ratio (k sf ) irrespective of the thickness ratio (d sf ). At higher conductivity ratio (k sf ), the actual heat flux experienced at the fluid-solid interface deviates from the constant value applied at the bottom, with increasing thickness ratio (d sf ). At very low thickness ratio (d sf ), the actual heat flux experienced at the fluid-solid interface is equal to the actual value of heat flux applied at the bottom of the substrate except at the region very near to the inlet, where developing thermal boundary layer dominates. This qualitative pattern of axial variation in local heat flux is due to the fact that low thermal conductivity ratio leads to higher axial thermal resistance in the substrate and vice versa. Accordingly, at higher k sf , low axial thermal resistance of the substrate leads to significant back conduction; this effect becomes naturally more prominent with increase in thickness ratio d sf . It can be observed that for higher k sf and d sf (in Fig. 3(a) ) the boundary condition at the fluid-solid interface increasingly approach the trend closer to an isothermal temperature boundary condition, although constant heat flux was applied at the bottom of the substrate. Analogous observations were reported by Zhang et al. [14] who applied a constant temperature boundary condition at the outer surface of a circular tube and found that the dimensionless heat flux at the fluid-solid boundary tends to become constant when axial conduction in the tube wall dominates.
The axial variations of dimensionless wall temperature H w (averaged over the periphery of the channel wall) as well as the bulk fluid temperature H f are presented in Fig. 4 for Re ¼ 100, 500, 1000 and k sf ¼ 0.8, 26, and 635. At low conductivity ratio k sf , irrespective of the thickness ratio (d sf ), the wall and the fluid temperatures rise as per the conventional theory applicable for ducts with zero wall thickness. In such cases, after the flow has fully developed, the temperature difference ðH w À H f Þ attains a constant value. In contrast, as the conductivity ratio k sf increases, there is a clear deviation in the "well ordered" behavior of the wall and the fluid temperature. The fluid temperature rise is no longer linear indicating that the condition of constant heat flux boundary is being compromised due to the conjugate nature of heat transfer in the substrate. The wall temperature variation clearly indicates heat flow from the downstream location of the substrate toward the upstream direction. This tends to "isothermalize" the wall temperature on the fluid-solid boundary. This is also reflected in the gradual occurrence of exponential component superimposed on the linear fluid temperature profile, indicative of a shift toward a pseudo-constant temperature boundary condition experienced by the fluid at the boundary interface. This effect is clearly more prominent as the thickness ratio d sf goes on increasing; this further increases the thermal resistance offered by the substrate, manifesting the conjugate nature of heat transfer.
The ensuing axial variation of local Nusselt number (Nu z ) is represented in Fig. 5 . This figure corresponds to the results of Figs. 3 and 4 , discussed earlier. Two dotted lines indicate the two respective asymptotic Nusselt number values for fully developed flow, without any conjugate heat transfer (i.e., wall thickness ¼ 0) in: (i) a square channel heated from three sides and insulated from the fourth side; for this case the Nu ¼ 3.556 and (ii) a square channel heated from one side, three remaining sides being insulated; for this case the Nu ¼ 2.712 [37] . It is clearly observable from Fig. 5 that for substrates with conductivity ratio k sf ¼ 26, the value of Nu z is independent of thickness ratio (d sf ) and converges to a value of about 3.556 in the fully developed region, as expected. For substrates with very high conductivity ratio (i.e., k sf ¼ 635) and very low thickness ratio (d sf ¼ 1), the value of Nu also converges to a value which is more or less equal to 3.556. As the substrate thickness ratio (d sf ) is increased, the value of Nu for thermally developed region decreases and drifts away from the value of 3.556. This can be explained in the background of the fact that, as explained earlier for these cases in Figs. 3 and 4 , the boundary condition at the fluid-solid interface gets distorted due to conjugate effects; it tends to be experienced as a "pseudo-isothermal" boundary condition by the convective fluid. This is due to axial back conduction, as was also observed in Fig. 3 and 4 . For substrates with exceedingly low conductivity ratio ($k sf ¼ 0.8), the value of Nu z converges to 2.712, suggesting that under such a situation, the heat transfer takes place predominantly through the bottom channel wall, leading to the asymptotic behavior, inline with the data suggested in Shah and London [37] for a channel with only one side heating and the rest three sides being insulated.
For the purpose of benchmarking, Fig. 5 also depicts Nu z estimates for two more reference cases, which are not exactly as the present case under study, nevertheless are similar in some respects: Case 1: Correlation developed by Lee and Garimella [36] , for hydrodynamically fully developed but thermally developing flows (This correlation is valid in the thermally developing zone only).
Case 2: Data for simultaneously developing laminar flow in a square channel for a fluid having Pr ¼ 0.7, as reported in Shah and London [37] . For simultaneously developing flows, dependency of Nusselt number on Prandtl number is much stronger [37] . For the present study, since Pr ¼ 5.85, Nu z is always smaller than this reference case having Pr ¼ 0.7, as expected for a simultaneously developing flow.
From Fig. 5 , it can also be concluded that the dominance of the ratio k sf , in affecting the alteration in the local Nusselt number due to conjugate heat transfer effects, is higher than the geometric ratio d sf . Second, one of the important findings is that while a higher value of k sf increases the effect of axial conduction in the substrate thereby lowering the Nusselt number, a lower value of k sf, tends to fundamentally alter the spatial distribution of heat as it gets transferred to the fluid through the three walls of the channel, which, in turn, again lowers the effective local Nusselt number. Thus, it is logically expected that an optimum k sf for maximizing the Nusselt number exists, in-between these two asymptotic transport mechanisms, which leads us to Fig. 6 , wherein the variation of average axial Nusselt number (Nu) as a function of conductivity ratio (k sf ), while parametrically varying the flow Re and d sf , has been plotted. The occurrence of the optimum k sf for maximizing the average Nusselt number is clearly exemplified here.
At k sf ¼ 0, the Nu will obviously be zero, irrespective of substrate thickness, as the substrate just does not conduct any heat through it. As k sf increases to a vanishingly small value, heat flow commences and Nu sharply increases; this is observed for the entire range of flow Re and d sf . After attaining a maximum value, Nu again shows a downward trend with increasing k sf , although the downward slope of this decrease in Nu is comparatively rather moderate. This decrease in Nu is primarily due to the increasing effects of conjugate heat transfer in the substrate, leading to axial back conduction of heat. The simulations suggest that the k sf corresponding to the maximum Nu is a function of both, the flow Re and d sf, although the dependence on the latter is not very strong. For a given flow Re, the importance of k sf as the dominating parameter in affecting the maximum Nu, as compared to the geometric parameter d sf , is also quite obvious from these simulations. From Fig. 6 , it can also be observed, inline with conventional observation for developing flows, that the average Nusselt number value, for a given geometry and conductivity ratio, increases with increasing flow Re.
To understand the effect of conductivity ratio more clearly, the peripheral variation of dimensionless heat flux passing through the fluid-solid interface is shown in Fig. 7(a) and 7(b) for different values of k sf , at Re ¼ 100 and d sf ¼ 1 and 16, respectively, on the X-Y plane at halfway through the length of the channel. For lower values of k sf , the boundary condition at the fluid-solid interface changes substantially. With decreasing k sf , the heat flux Transactions of the ASME through the vertical interfaces (AB and CD; see inset in Fig. 7 (a) and 7(b)) decreases and the heat flux through the horizontal interface (BC) increases; shifting the situation closer to one side heating rather than three side heating of the channel. Under such a situation, the thermal resistance for heat flow through the vertical interfaces, AB and CD, is quite high as compared to that of the horizontal interface, BC. In contrast, at very high conductivity, the thermal resistance to heat flow through the vertical interfaces decreases considerably, thereby manifests the heat flux distribution, as shown on Fig. 7 . In addition, increasing the thermal conductivity ratio also decreases the thermal resistance in the longitudinal direction, along the flow, leading to axial back conduction; this combined effect causes Nu to again decrease with increasing k sf . Figure 7 (b) shows that qualitatively there is little difference in the behavior of Nu, if the thickness ratio d sf is increased. This parameter directly affects the transverse and longitudinal cross-sectional area of the substrate, and therefore, the resulting thermal resistance to heat flow. Unlike the previous case shown in Fig. 7(a) , for higher values of d sf , there is less appreciable change in the overall thermal resistance between the vertical and horizontal sections of the fluid-solid interface. So, in Fig. 7(b) , the heat flux through the vertical interfaces (AB and CD) is not maximum for the case of highest k sf , rather it is maximum corresponding to some intermediate value of k sf . This intermediate value of k sf corresponds to that given in Fig. 6 , at which Nu is maximum. Another noticeable effect is the change in the nature of heat flux near the corners B and C, with varying k sf . The local heat flux passing through the corners drastically increase with decreasing k sf, asymptomatically approaching nullity for very high k sf, and vice versa. This trend is clear from Fig. 7(c) , where the isotherms inside the computational substrate domain on the same plane, corresponding to the case of Fig. 7(a) , are shown, respectively, for (i) k sf ¼ 0.8 and (ii) k sf ¼ 635. The shift in the local heat flux value from local minima (for large k sf ) to local maxima (for small k sf ) at location B (and at C) is attributed to the interplay of local conductive resistance of the substrate to the convective resistance at the fluid solid boundary. This local minimum at the corners was also observed by Qu and Mudawar [38] . However, as their study was only limited to higher values of k sf, they did not report the entire nature of variation of local heat flux with k sf, as seen in Fig. 7 (a) and 7(b). Qualitatively similar isotherms are also obtained for the case described in Fig. 7(b) . To further exemplify the axial movement of heat in the substrate, the isotherms on the vertical plane of symmetry on Y-Z plane (see Fig. 1(d) ), both in the fluid and solid domains, at Re ¼ 100 and d sf ¼ 1 and 16, are shown in Fig. 8(a) and 8(b) , respectively. For these two cases, k sf ¼ 88.5 (when d sf ¼ 1) and k sf ¼ 37.7 (when d sf ¼ 16), corresponds to maximum Nu, respectively. Low Re (¼ 100) is selected as representative case for highlighting higher effect of axial conduction in the substrate. Heat flux lines being orthogonal, these isotherms clearly indicate the impact of higher k sf on axial conduction. For a given value of k sf , the isotherm patterns in the solid domain are qualitatively similar for both d sf ¼ 1 and 16. The isotherms in the liquid domain highlight the fact that heat transport behavior at very low k sf , is distinctly different from its higher valued counterparts. Second, the influence of d sf is also negligible on the temperature contours in the fluid domain. For these simulations, the inlet fluid temperature was maintained at 300 K and a constant heat input flux of 1.8 W/cm 2 has been applied. The occurrence of a maximum Nusselt number was also checked for a microtube of circular cross section. Unlike channels cut on flat substrates, microtubes have radial symmetry. In addition, d sf can be increased by increasing the outer diameter of the tube, which increases the area of cross section by an order of square of the diameter. The variation of average Nusselt number with k sf , at different flow Re and d sf (in this case, d sf is interpreted as the ratio of tube wall thickness to the inner radius) in a microtube of internal diameter 400 lm, is presented in Fig. 9 . The tubular cross section essentially indicates similar qualitative variation of average Nusselt number, as noted for channel in a flat substrate in Fig. 6 . Of course, in the case of the circular microtube d sf ¼ 16 leads to a much larger cross-sectional area of the substrate in the radial direction. Thus, for a circular tube too there lies an optimum value of k sf , corresponding to which the average Nusselt number is maximum, for a given Re and d sf .
Recently, Kosar [25] investigated conjugate heat transfer on geometry similar to the present study. Very low thermal conductivity materials like polymide (k s ¼ 0.25, k sf ¼ 0.409), silica glass (k s ¼ 1.005 and k sf ¼ 1.64), quartz (k s ¼ 1.3 and k sf ¼ 2.13) were considered. Their findings suggested that Nusselt number decreases with decreasing the thermal conductivity of the substrate. While this is certainly in line with the results discussed in Fig. 6 , the conclusions are only partly correct; Kosar [25] did not capture the full spectrum of k sf to get its optimum value. Similar study on conjugate effects on microtubes by Li et al. [13] also failed to capture the complete range of the effect of solid substrate on the variation of Nusselt number, as has been done in the present study.
Conclusions
A numerical study has been carried out to understand and highlight the effects of axial wall conduction in a conjugate heat transfer situation involving simultaneously developing laminar flow and heat transfer in a square microchannel machined on a flat substrate, with constant flux boundary condition imposed on bottom of the substrate wall. All the remaining walls of the substrate exposed to the surroundings are kept adiabatic. Simulations have been carried out for different ratios of wall to fluid conductivity ratio (k sf $ 0.17-703), substrate thickness to channel depth (d sf $ 1-24), and flow rate (Re $ 100-1000).
The results clearly show that, for a given flow rate and d sf , the thermal conductivity ratio k sf is the key factor in determining the effects of axial wall conduction on the heat transport behavior. Higher k sf leads to axial back conduction, thus decreasing the average Nusselt number as compared to the Nusselt number obtained for the case when the wall thickness is negligible. Very low k sf leads to a situation where the channel heat transfer can be compared to a channel having zero wall thickness with only one side heated with a constant heat flux and the rest of the three sides being adiabatic; this leads to lower average Nusselt number. The results explicitly indicate the existence of an optimum value of the thermal conductivity ratio for maximizing the average Nusselt number, for a given flow rate and wall thickness ratio. It has also been shown that similar phenomena will be observed in substrates having a tubular geometry. 
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